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Main Theorems
We shall need the following theorem (see ( [1] , chapter XXII) ) Theorem 1.1 Let c n (n ≥ 1) a sequence of real numbers. Let us consider the function
Suppose that f (x) has a continuous derivative f (x) on the interval [1, ∞] , then the following formula holds
Now, we prove the main theorem.
Theorem 1.2 Let us consider a strictly increasing sequence of positive integers, we denote a a positive integer in this sequence. Let A(x) be the number of positive integers in this sequence not exceeding x. That is A(x) = a≤x 1.
, where ρ is a positive real number, that is, ρ is the positive density of these integers. Then
where k is an arbitrary but fixed positive integer and ζ(s) is the Riemann zetafunction.
Proof. We use theorem 1.
Note that if
Now, we have (see (3))
On the other hand we have (see (2) and note that (2) is also true if k = 0)
We have choose h such that
and have choose x 0 such that if x ≥ x 0 then |o(1)| < in equations (5) and (4). Equation (4) gives
Therefore, see (7), (5) and (6), we have if
Consequently, since > 0 is arbitrarily small, we have
That is, equation (1) . The theorem is proved.
A positive integer n is (k +1)-th-power-free if all prime in their prime factorization have exponent not exceeding k, where k is a positive integer. In particular, if k = 1 we obtain the square-free integers. The (k + 1)-th-power-free integers have positive density ρ = 1 ζ(k+1) (see for example [2] ). In particular the square-free integers have positive density ρ = 1 ζ (2) . In this note q k denotes a (k + 1)-th-power-free integer. On the other hand, n denotes a positive integer. We have the following corollary.
Corollary 1.3
The following asymptotic formula holds
In particular, if k = 1 we have the following formula for the square-free integers q 1
Proof. The proof is an immediate consequence of theorem 1.2 and the formula (see (2) ) n≤x n k ∼ x k+1 k+1
, since the positive integers have density ρ = 1. The corollary is proved.
